Abstract. In 1937, B. H. Neumann constructed a family of continuously many, non-isomorphic two-generator groups. We will prove that none of the infinite groups in this family are finitely presented, describe how to present them and classify their word problems. Other remarkable properties of Neumann's groups are also discussed.
Introduction
1.1 Neumann's 1937 paper. In 1937 in a brief, remarkable paper, B. H. Neumann in [8] established several facts which are now widely known and used in combinatorial group theory: (i) a proper subgroup of a finitely generated group is contained in a maximal proper subgroup; (ii) if a group can be defined by finitely many relations on one finite set of generators, then it can be defined by finitely many relations on any other finite set of generators; (iii) there exist finitely generated groups which are not finitely presented; and (iv) there exist a family of continuously many non-isomorphic two generator groups.
The groups.
Each of Neumann's groups, which we here denote by B S , is defined in terms of a set S of odd integers n d 5. In order to describe the groups B S , we denote, as usual, the alternating group on n symbols by A n . Let O ¼ f2i þ 1 j i d 2g be the set of odd natural numbers greater than or equal to 5, let P ¼ P O ¼ Q n A O A n be the unrestricted direct product of the groups A n where n ranges over O and let P S ¼ Q n A S A n . Observe that P S is both a subgroup and a retract of P O by a retraction that we denote by r S . In the case where S is a singleton, say S ¼ f jg, we denote the corresponding retraction by r j .
In each A n , where n is an odd integer at least 5, we will focus on two particular elements a n ¼ ð1 2 3Þ and t n ¼ ð1 2 3 4 5 . . . nÞ and define two elements of P by giv-
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ing their cycle decomposition in each factor A n ðn A OÞ: a ¼ ðð1 2 3Þ; ð1 2 3Þ; ð1 2 3Þ; . . . ; ð1 2 3Þ; . . .Þ ¼ ða 5 ; a 7 ; . . . ; a n ; . . .Þ and t ¼ ðð1 2 3 4 5Þ; ð1 2 3 4 5 6 7Þ; . . . ; ð1 2 3 . . . nÞ; . . .Þ ¼ ðt 5 ; t 7 ; . . . ; t n ; . . .Þ:
Thus r n ðaÞ ¼ a n and r n ðtÞ ¼ t n . Denote by B the subgroup of P generated by a and t. The image B S of B under the retraction r S is generated by the corresponding elements a S ¼ r S ðaÞ and t S ¼ r S ðtÞ. Notice that the elements of B S can have non-trivial entries only in those coordinates n A S.
Neumann [8] proved that B S G B T if and only if S ¼ T which established the existence of continuously many non-isomorphic, two-generator groups.
1.3 Properties of the groups B S . We will be concerned first with recursion-theoretic properties of the B S . These properties rely, in part, on understanding the structure of the group B. To this end we begin by proving Theorem A. B has a solvable word problem.
Thus B is isomorphic to a factor group of a free group F on two generators a and t, say, by a normal subgroup R which is a recursive subset of F . Now let D be the subgroup of P generated by the A j ð j A OÞ. In his paper [8] , Neumann proved that D c B (see also Section 2.2 below). We shall prove in Lemma 5, below , that the kernel of the homomorphism r S of B onto B S is the direct sum P j A OnS A j . This enables us to present B S in Lemmas 6 and 8, and makes it possible to directly link the relations that hold in B S to the recursion-theoretic properties of S.
Theorem B. The following are equivalent:
is recursively presentable if and only if OnS is recursively enumerable;
(ii) S is recursively enumerable if and only if fwða; tÞÞ j wða S ; t S Þ 0 1g is recursively enumerable;
(iii) S is recursive if and only if B S has a solvable word problem.
One can deduce additional connections between S and B S of a logical nature. Here we content ourselves with noting that it follows from Theorem B that if OnS is recursively enumerable, but S is not, then the group B S is finitely generated, recursively presentable, residually finite and has an unsolvable word problem. The first example of this kind, a recursively presented center by metabelian group, was obtained by Meskin [7] . This is in contrast with the fact that finitely presented, residually finite groups have solvable word problem.
Finally we will prove the main theorem of this paper:
Theorem C. If S is an infinite set of odd integers, then B S is not finitely presented.
It had been widely accepted that Theorem C is true, but we are not aware that it has been proved until now. After we informed M. F. Newman and J. Wiegold that we had proved Theorem C, they came up with a very simple homological proof. We thank them for allowing us to include their proof here, in Section 5.2.
2 Understanding the relations in B 2.1 Preliminary remarks. Observe that a has order 3 and that t has infinite order. Similarly a S has order 3, while t S has infinite order if and only if S is infinite.
We will use a number of standard facts about the groups A n . In particular, that A n is generated by the two elements a n ¼ ð1 2 3Þ and t n ¼ ð1 2 3 . . . nÞ when n is odd and is simple when n d 5. In the event that n < k, with n and k odd integers, we will often view a n and t n as elements also of A k . Now suppose that, as before, F is the free group on a and t and suppose that w ¼ wða; tÞ is a word in a, t. If x, y are elements in some group X , we shall denote the element of X obtained from w by replacing a by x and t by y by wðx; yÞ.
The following lemma will be helpful in determining the relations in B.
Lemma 1. Let w be a word in the free group F on a and t which has exponent sum 0 on t. Then w is conjugate to a cyclically reduced word of the form
where the u i are powers of a and the partial exponent sums
follows that w is freely equal to the product
where each f j d 0.
Proof. We may assume that w is cyclically reduced and has the form
where e 1 þ Á Á Á þ e m ¼ 0:
Choose k so that the partial sum of w has the property that all of the partial exponent sums on t in w are non-positive. To see this observe that if any partial sum e kþ1 þ Á Á Á þ e l for k þ 1 c l c m were positive, then e 1 þ Á Á Á þ e k þ e kþ1 þ Á Á Á þ e l would be strictly greater than E k . Also since the total exponent sum on t is 0, e kþ1 þ Á Á Á þ e m ¼ ÀE k . Hence for 1 c j c k,
which is non-positive since E k was a maximum. So relabelling with u i ¼ v iþk and d i ¼ e iþk (with subscripts modulo m), we obtain the first assertion. The second assertion is then easily verified since
Mortal and immortal words.
The following definition will play a key role in the sequel.
Definition 2.
A word w ¼ wða; tÞ in a and t is termed mortal if there exists an odd integer n d 5 such that wða k ; t k Þ ¼ 1 for every odd k > n, and immortal if wða k ; t k Þ 0 1 for every odd k > n.
We record a few calculations which illustrate mortality. First observe that t À1 n a n t n ¼ ð2 3 where ðÃÞ are certain possibly non trivial elements in A m , m < n. Since a n and t n generate A n , it follows that B V A n is normal in A n . But A n is simple, so B V A n is either trivial or A n . As observed in [8] , it follows inductively that B V A n contains the per-mutation ð1 n À 1 2Þ and so each A n H B. Thus the direct sum D ¼ P j A O A j of the A j with j A O is contained in B. Similarly one concludes that
and B S V D ¼ P j A S A j The next lemma implies that words of exponent sum 0 on t are either mortal or immortal and gives a method for determining (im)mortality.
Lemma 3. Suppose that w ¼ wða; tÞ is a cyclically reduced word in the free group on a and t of length l which has exponent sum 0 on t. If n d 5 is an odd integer and if n > l þ 3, then (1) wða; tÞ is conjugate to a cyclically reduced word wða; tÞ such that wða n ; t n Þ moves only symbols in the range 1; 2; . . . ; l þ 3, and (2) wða n ; t n Þ ¼ wða k ; t k Þ for every odd integer k d n.
(3) If wða n ; t n Þ ¼ 1 then wða k ; t k Þ ¼ 1 for every odd k d n, i.e., wða; tÞ is mortal.
(4) If wða n ; t n Þ 0 1 then wða k ; t k Þ 0 1 for every odd k d n, i.e., wða; tÞ is immortal.
Proof. By Lemma 1, wða; tÞ is conjugate to wða; tÞ which is equal to a product
where each f j d 0 and the u i are powers of a, say u i ¼ a c i . It follows that wða n ; t n Þ is freely conjugate to wða n ; t n Þ which is freely equal to a product a where each f j d 0. Now if n c k, then t À1 k a n t k ¼ ð2 3 4Þ ¼ t À1 n a n t n . More generally if 0 < m c n À 3 and if n c k, we have
The integers f j satisfy the inequality 0 < f j c l c n À 3. It follows from equation (1) that
So we have proved that wðt k ; a n Þ is a product of 3-cycles which permute symbols which lie at worst in the range 1; . . . ; l þ 3. Since k is any odd integer such that k d n, we have, in particular, proved the assertions (1) and (2). Both (3) and (4) 
wða; tÞ ¼ 1. Otherwise wða; tÞ 0 1. The net result of these remarks is that B is recursively presentable and has a solvable word problem. r 3.2 The proof of Theorem B. We will make much use in the sequel of the following Lemma 4. There are two recursive sequences of words u n ða; tÞ and v n ða; tÞ such that r j ðu n ða; tÞÞ ¼ 1 if j 0 n; a n if j ¼ n; and r j ðv n ða; tÞÞ ¼ 1 if j 0 n; t n if j ¼ n:
In order to prove Lemma 4 we note first, as we remarked earlier, that D is contained in B. So an enumeration of all words in a and t will give rise to two recursively enumerable sequences of all the words u n ða; tÞ and v n ða; tÞ with the required property, i.e., u n ða; tÞ ¼ a n and v n ða; tÞ ¼ t n . In order to check that these sequences are recursive, it su‰ces to note that if wða; tÞ is an arbitrary word in a and t, then for wða; tÞ to occur in one of these sequences, w must be mortal. So if w is of length l, we can determine e¤ectively if wða; tÞ ¼ a n as well as whether wða; tÞ ¼ t n .
Lemma 5. Suppose that S is infinite and suppose that K S is the kernel of r S restricted to B. Then
To prove the reverse inequality, suppose that w is cyclically reduced and that wða; tÞ A K S . Then wða n ; t n Þ ¼ 1 for every n A S. In particular then this implies that t occurs with exponent sum 0 in w. Since S is infinite wða; tÞ is mortal. So wða; tÞ A D.
On the other hand wða; tÞ A B OnS since wða; tÞ A K S . Therefore w A P j A OnS A j , i.e.,
This completes the proof of Lemma 5. r
As a consequence of Lemma 5, we can now describe a presentation for B S in terms of a presentation for B.
Lemma 6. B S can be presented on the generating set a and t subject to Proof. We begin with the proof of (1). Suppose that B S is recursively presentable. Then the set of words in wða; tÞ such that wða S ; t S Þ ¼ 1 is recursively enumerable. Now let l A OnS. Then v l ða; tÞ is one of the relators of B S . Hence on enumerating the relators of B S the word v l ða; tÞ will occur, thus giving rise to an enumeration of OnS.
Suppose next that OnS is recursively enumerable. Then Lemma 6 gives us a presentation for B S which is recursively enumerable. This completes the proof of (1) of Theorem B.
To prove (2) it su‰ces to consider only the case where S is infinite. Suppose first that S is recursively enumerable. We have to prove that the set of all words wða; tÞ for which wða S ; t S Þ 0 1, is recursively enumerable. The set of all those w in which t occurs with non-zero exponent sum is recursive, and for each such word, wða S ; t S Þ 0 1. So it su‰ces to prove that the set of all words wða; tÞ in which t occurs with exponent sum 0 which satisfy wða S ; t S Þ 0 1 is recursively enumerable. If now l is the length of w and if the odd integer n > l þ 3, then w is immortal if and only if wða n ; t n Þ 0 1. It follows, on appealing to Lemma 6, that the set of immortal words in which t occurs with exponent sum 0 is also recursive. So we need only consider the mortal words w in which t occurs with exponent sum 0. We can recursively enumerate all such mortal words wða; tÞ and compute, at the same time, wða i ; t i Þ for i ¼ 1; . . . ; l þ 3, where l is the length of w. If we simultaneously enumerate S, whenever wða; tÞ 0 1 we will find an i A S, i c l þ 3 such that wða i ; t i Þ 0 1. This then shows that the set of all words wða; tÞ satisfying wða S ; t S Þ 0 1 is recursively enumerable. Hence we have proved one part of assertion (2) .
To complete the proof of (2) of Theorem B, we need to prove that if the set of words wða; tÞ for which wða S ; t S Þ 0 1 is recursively enumerable, then S is recursively enumerable. To this end, enumerate those words wða; tÞ satisfying wða S ; t S Þ 0 1. This enumeration will give rise to an enumeration of the words u n ða; tÞ with u n ða n ; t n Þ 0 1 with n A S and hence to an enumeration of S.
Finally observe that (3) follows from (1) and (2) and so the proof of Theorem B is complete. r
Presentations for B and B S
As Neumann [8] observed (see also the account in [3] ), the quotient group B ¼ B=D is isomorphic to the group B 0 of permutations of the integers Z generated by the 3-cycle a 0 ¼ ð1 2 3Þ and the shift permutation t 0 defined by t 0 ðiÞ ¼ i þ 1. Here a 0 and t 0 are the images of a and t respectively under the isomorphism. The group B 0 can be described as the split extension by the shift operator of the finitary alternating group on
Z.
Since B has a solvable word problem it is clearly possible to write down a recursive presentation for B. Using the notions of mortal and immortal words we can describe presentations of B ¼ B=D, B and B S in a somewhat more direct manner. As a consequence of our basic Lemma 3 we observe Lemma 7. Let wða; tÞ be a word in the free group on a and t. If wða; tÞ has non-zero exponent sum on t, then wða; tÞ 0 1 in B. If the word wða; tÞ has zero exponent sum on t and length l and if n d 5 is the smallest odd integer with n > l þ 3, then either:
(1) wða n ; t n Þ 0 1 in A n and wða; tÞ is immortal so wða; tÞ 0 1; and indeed wða; tÞ B D; or (2) wða n ; t n Þ ¼ 1 in A n and wða; tÞ is mortal; so wða; tÞ A D; or (3) wða k ; t k Þ ¼ 1 for 1 c k c n and then wða; tÞ is mortal; so wða; tÞ ¼ 1 in B.
Using this we can describe the desired presentations as follows:
Corollary 8. The group B ¼ B=D can be presented in terms of the generators a and t subject to the defining relators the words wða; tÞ satisfying the conditions:
(1) wða; tÞ has exponent sum zero on t; and (2) wða n ; t n Þ ¼ 1 in A n where n d 5 is the smallest odd integer with n > lengthðwÞ þ 3.
Corollary 9. The group B can be presented in terms of the generators a and t subject to the defining relators the words wða; tÞ satisfying the conditions:
(1) wða; tÞ has exponent sum zero on t; and
. . . ; n where n d 5 is the smallest odd integer with n > lengthðwÞ þ 3.
In view of our previous discussion this also leads to presentations for the groups B S :
Corollary 10. If S is infinite, a presentation for B S can be obtained from the above presentation for B by adding as defining relations the words u i ¼ 1 and v i ¼ 1 for all i A OnS.
Another consequence of our basic Lemma 3 is that for any word wða; tÞ of exponent sum zero 0 on t and length l, wða n ; t n Þ moves at most l þ 3 symbols for all n > l. Hence the subgroup generated by k such words moves at most kðl þ 3Þ symbols for all n > kðl þ 3Þ and so is isomorphic to a subgroup of A kðlþ3Þ and thus is finite. This proves the following Corollary 11. The normal closure in B of the element a is locally finite. Thus B is an infinite cyclic extension of an infinite, locally finite group. Similarly if S is infinite, then B S is an infinite cyclic extension of an infinite, locally finite group.
It follows that the normal closure of a 0 in B 0 G B=D is locally finite, but this is also clear from Neumann's observations. Conversely, since D is locally finite, the above corollary follows from Neumann's observations since an extension of one locally finite group by another is again locally finite.
5 Two proofs of Theorem C 5.1 Using the structure of the B S . Theorem C. If S is an infinite set of odd integers greater than or equal to 5, then B S is not finitely presented.
We have already shown that (for S infinite) each B S is an infinite cyclic extension of an infinite, locally finite group. So Theorem C follows from the following consequence of a theorem of Bieri and Strebel [2] , which itself is a special case of a more general result proved in [1] .
Theorem D. Suppose that G is a finitely presented group. Suppose that L is a locally finite normal subgroup of G and that G=L is infinite cyclic. Then L is finite.
Proof. We can suppose that G is presented in the form
where the b i represent elements of L and the r j have exponent sum 0 on t. Each of the relators r j can be rewritten as words in the generators b ik ¼ t Àk b i t k . Moreover, since G is finitely generated, we can assume that the normal closure in G of the b ik is L. Since the r j are finite in number there is a minimum value, say d, of the indices k that appear in these words and a maximum, say D.
The given presentation of G can be transformed by finitely many Tietze transformation to a presentation which takes the form
where the q j are the r j expressed as words in the b ik .
Since the b ik define elements of L, they generate a finite subgroup H of L. We may enlarge the set of relators q j to a possibly larger set so that the additional relators su‰ce to define H. Now in H the subgroup C 0 generated by the elements b ik ð1 c i c n; d c k c D À 1Þ is isomorphic to the subgroup C 1 generated by b ik ð1 c i c n; d þ 1 c k c DÞ since they are conjugate in G by t. Thus we have exhibited G as an HNN extension of the finite group H. Now suppose that C 0 0 H. Then C 1 0 H since C 1 has the same order as C 0 . It follows (see [4] ) that the subgroups H and t À1 Ht of L generate their free product with amalgamation C 1 ¼ t À1 C 0 t. Since the amalgamated subgroups are both proper subgroups of H and t À1 Ht, the amalgamated product gpðH; t À1 HtÞ contains an element of infinite order. This contradicts the local finitenes of L. It follows that we have proved that H ¼ t À1 Ht and thereby that L ¼ H. So L is finite as claimed. r
5.2
The proof by Newman and Wiegold. M. F. Newman and James Wiegold have pointed out to us the following simple homological proof of Theorem C.
To begin with we again make use of the work of Neumann [8] . Neumann proved that if S ¼ fn 1 ; n 2 ; . . .g is an infinite set, where n 1 < n 2 < Á Á Á are all odd integers at least 5, then the direct product
is a direct factor of B S , i.e., B S ¼ D k Â E k for every k d 1. The Kunneth formula (cf. e.g. [5] ) gives a description of the homology of a direct product. It follows from that formula that the second integral homology group H 2 ðD k Þ of D k is a direct summand of H 2 ðB S Þ. Now Schur [9] proved that if n d 5, then H 2 ðA n Þ is of order 2. It follows by repeated application of the Kü nneth formula that H 2 ðD k Þ is an elementary abelian 2-group of order 2 k . This implies then that H 2 ðB S Þ is not finitely generated. But the second integral homology group of a finitely presented group is finitely generated (cf., e.g. [5] ). Hence we have proved that B S is not finitely presented, as desired.
